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Abstract

In this paper, a new adaptive weighted hybrid conjugate gradient (AWHCG) method with backtracking
line search is proposed to solve unconstrained optimization problems. Our method is based on the
weighted hybridization of HS (Hestenes-Stiefel) and FR (Fletcher- Reeves) conjugate gradient methods.
In contrast with the existing hybrid conjugate gradient methods, our AWHCG method updates
adaptively the coefficient of gradient of objective function to be negative at each iteration so that
our current search direction is always a combination of the anti- gradient of the objective function and
the preceding direction. Under some reasonable assumptions, the global convergence of the proposed
algorithm is established. Some preliminary numerical experiments show that the AWHCG algorithm is

competitive.

Keywords: Unconstrained optimization, Conjugate gradient methods, Global convergence,
Backtracking line search, Sufficient descent

1. INTRODUCTION
Consider the following unconstrained optimization problem

min, f(x) (1)

XER™

where f:R™ — R is continuously differentiable and bounded from below.
The conjugate gradient (CG) method is one of the most popular classes of iterative methods to solve
the unconstrained optimization problem (1). The general iteration scheme of CG method [1,11] is defined

by

xk+1 = xk + tkdk;k = 0,1, ey (2)
_ _gk’ k = O, 3
e = {_gk + Brdi-1, k>0, ®

where x; is the current iterate, ¢, is the step size obtained by the appropriate line search, g, = Vf(xy)
and [, is an appropriately defined real scalar, known as the CG parameter.

The line search in CG methods is usually based on the Wolfe conditions and Armijo condition [1,11].
The Wolfe conditions have attracted special attention in the convergence analyses and the actual

implementations, requiring that
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f e+ tedy) < fie + ptigicdy 4)
g + tedi)"dye 2 agidy, &)

where f, = f(xy) and 0 < p <o < 1. The condition (4) and (5) is called Armijo condition and
curvature condition, respectively. The strong Wolfe condition requires (4) and

| g(xp + tedi)Tdy 1< o | ghdy | (6)
instead of (5). The step size t, satisfying the Armijo condition (4) is often determined using the
backtracking line search procedure [1]. The procedure starts from t = 1, and reduces t until x; + td,

satisfies the Armijo condition (4). The procedure is as follows.
Algorithm 1 (Armijo's Backtracking Line Search)

Step 1. Given p € (0,1/2), a« € (0,1),set t = 1.
Step 2. Test the following inequality for true.

f (e + tdi) < fie + ptggdy )
Step 3. If the above condition is not satisfied, set t: = ta, and go to Step 2; otherwise, set t;:=t.
A number of CG methods have been defined using various modifications of the CG direction d,

and the parameter (. The most popular CG parameters 3 are listed as follows:

Il gy II2 —Il g I? I g I2
FR— _— 9K 7 _1110], B0 = —2X—[11],B2Y = 1,12], (8)
=gz WO =g LB = grg 1L

Vi Jr Vi Jr ~ Y Gk
Hs — 1,13], BERP = —2="—[1,14], BLS = 16], )
© = yra,, PVAT =g Tt B = gy 7 116

where y,_1 = gx — gx—1. It is mentioned in [2] that FR [10], Conjugate Descent (CD) [11] and Dai-
Yuan (DY) [12] methods have good theoretical convergence properties, but they may not show good
performance in practice due to jamming. On the other hand, HS [13], Polak-Ribiére-Polyak (PRP) [14,
15], and Liu-Storey (LS) [16] CG methods may not converge in general, but they often show better
performance than FR, CD and DY in practice. Yang et al. [17] proposed LSCD method which combines
the nice numerical performances of the LS method and the global convergence properties of the CD
method. Dai and Liao [18] proposed an efficient CG type method (Dai-Liao method), and Zheng et al.
[4] proposed more efficient Dai-Liao-type CG methods, known as DHSDL and DLSDL. Those are as

follows:
T
Ik V-1 = VS-1) .
oL = 7 [18], BESCP = max {0, min {BEs, BED}}[17], (10)
Yik-15k-1

2 lggl 2 lggl

— _ T - — T
puspL _ IV Tigy it 9kt lokl gl BPLSDL — T S £
k g di—1 14y} _ydi—r  Fyf_jdi—s’ T Wghdr—11-g%_1dr—1 K yl_jde—y’

where v > 0 is a parameter and S, = X, — X. The PRP-FR [19, 20] and HS-DY [22] methods are
hybrid CG methods of LSCD type. In [21] and [23] have been proposed the following CG methods,
WYL and YWH, respectively.

Il g Il Il g |

2__ T 2_ T
g gi 1" = Gy NJicTr-1 ywn g 17— o gkgk_l_ -
I Gie-s 12 dkGre-1Yk-1
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To improve the LSCD, DHSDL and DLSDL, Stanimirovi¢ et al. [2] proposed two efficient hybrids
of CG methods, termed as MLSCD and MMDL, respectively. The search directions in MLSCD and
MMDL, instead of (3), are defined by

Fd_
di = D (B gio 1) = = (148 ST g1 + B, (12)

where B, = BF5P and B = BMMPL = max {0, min {{1PS, BEPLSIYY, respectively [2]. They proved
the global convergence of these two methods with the backtracking line search Algorithm 1 and showed
that MLSCD method had the best performance with respect to the number of iterations, the number of
function evaluations and the CPU time compared with LSCD, DHSDL, DLSDL and MMDL through
numerical experiments. In [5] was proposed another hybrid CG method (EPF method) using the direction
(12) which combines the features of the PRP and FR methods in [, and established the global
convergence of the EPF method with the strong Wolfe line search (4) and (6). With the Wolfe line search,
[7] has considered the global convergence of HYBRID which is a convex combination of HS and DY
methods, and [8] proposed a hybrid CG method JHJ-N which is one of hybrids of DY, FR, WYL and
YWH CG parameters.

Dong et al. [3] proposed an adaptive three-term CG method satisfying the sufficient descent
condition and the conjugacy condition, which is termed as CGADP method and is a little modification
to the TTCG method [9] viewed as a variant of HS method. The global convergence of CGADP was
proved under Wolfe line search (4) and (5). In [6], Chen et al. presented a new CG method, termed as
NACG, which generates search direction satisfying both the sufficient descent condition and the Dai-
Liao conjugacy condition independent of line search. The global convergence of the NACG was
established with a Wolfe line search under proper assumptions. They showed that the NACG method is
competitive for unconstrained large-scale optimization problems through numerical experiments.

Inspired by the research of [2,5], we are interested in developing a new adaptive hybrid CG method
for unconstrained optimization (1). The new method makes use of a search direction of (12) type and CG
parameter of BF5¢P type. In our method, coefficient of g, is always negative in each iteration and the
CG parameter is defined by weighted hybridization of modified HS and FR parameters.

The rest of this paper is organized as follows. The next section presents the new adaptive hybrid
CG method and Sect. 3 considers global convergence of the proposed method with the backtracking line
search under appropriate assumptions. In Section 4 are given numerical experiments and comparisons
with some other efficient CG algorithms for some test problems with different dimensions. Some final

conclusions are given in Sect. 5.
2. NEW ADAPTIVE WEIGHTED HYBRID CG METHOD

In this section, we present a new adaptive hybrid conjugate gradient method relating to the HS and
FR methods. Among methods of (8) and (9), the HS method, which is like the PRP method in practical
computation, was often recommended due to its superior numerical performances. The HS method
satisfies automatically the standard conjugacy condition dfy,_; = 0 with the direction (3), which is
independent of line search used. The FR method was proved to be globally convergent with the strong

Wolfe line search with ¢ < 1/2 and it is one of the most widely used methods in practice. However, in
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general, the FR method does not have the descent property with (3) and is often used in conjunction with
exact line search.
The direction (12) satisfies the descent property independently of £, but HS method with (12) does

not satisfy the standard conjugacy condition. Moreover, in contrast with the standard CG direction (3),

ghdk—1
Kl

it is not guaranteed that— (1+ﬁk ) the coefficient of gy, is always negative.

We propose a hybrid CG method which updates the coefficient of g, to be negative and uses
weighted hybridization of the good numerical performances of the HS method and the global

convergence properties of the FR method. In our new algorithm, search direction is determined by

) gkdk 1 13
T ge 12 (13)
d, = DL dy_y) = —1 d (14)
k = DAk, B Gi» Ak—1) = =l Gie + Brdi—1,

where A, is a positive parameter iteratively updated so that [, is always positive scalar. Now, we present
our new algorithm.

Algorithm 2 Adaptive Weighted Hybrid CG method (AWHCG method)

Step 0. Choose xy, € R™, 0 < p,a,¢&,8 <1, A3,0,w;,w,, 74,7, > 0. Let dy = —gy, k = 0 and
let f; be sufficiently large real scalar.

Ifre+1— Skl

<
Step 1. If |l g, I< € or 1+Ifkl

< 4§, stop.

Step 2. Find a step size t; using Algorithm 1 (Armijo’s backtracking line search).

Step 3. Let Xpyq = Xp + tdy. Compute gyi1. frr1, Vi = Gr+1 — gr and S = Xpiq — X
Set k=Fk+ 1.

Step 4. Compute the following CG parameters.

HS1 _ yl{—lgk FR1 _ Il Ik ”2
k max {y!_,dp_1, 7 I g Il de_q 1375 max {Il gx—1 12,72 Il gi 1l dp—qy I}’
BYHSFR = max {0, min {w, S5, w, BER1Y}. (15)
Step 5. Set
Td
A = max {Ak_l, B3 Ik ""; + e} (16)

where B, = BVHSFR,

Step 6. Compute the direction dj, = D (A, BY75TR, gy, dk_1) by (14), (15) and (16). Go to step 1.
Remark 1. In Step 5, Ay is updated so that 1, defined by (13) is positive. Indeed, if A, = Aj_1 in (16),

then we have A, = —By glf‘gdk”; + 0, which implies that 1, = A, + By glf‘gdlilzl >0, and if A, =

=By glrgdk“; + 8, we have 1, = 8. Therefore, we have 1, = 8 > 0 for every k.

Lemma 1. The direction d, generated by (14) satisfies the following sufficient descent property for
any CG parameter .

gidie < Ao Il gic I (17
Proof. Since Ay < A by (16), it follows from (14) that
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Td,_
ghdi = = (MBS ) U gy 12+ Brghdis = —Ai I g IP< =20 1 g I

Lemma 2. In the step 2 of Algorithm 2, the Armijo's backtracking line search finds a step size t; after
a finite number of backtracking for every k.
Proof. Suppose that the Armijo's line search does not terminate after a finite number of backtracking for
some k. Then, there exists a k such that

flxe +atdy) > fi + patgrd,, Vi =0,
which implies that

fo +a'dy) = fi .
g > pgFdy, Vi = 0.
Since f(x) is continuously differentiable, it follows from the above inequality that gld, >

pgrd, as i > . Thus, we have grd, > 0, contradicting to (17).
3. CONVERGENCE ANALYSIS

In this section, under mild assumption, the global convergence of Algorithm 2 is established. We
make the following basic assumption.
Assumption 1. The level set L(xy) ={x € R™ | f(x) < f(xo)} is bounded for any given x, €
R™ and f(x) is twice continuously differentiable in a neighbour 3 of L(x,) .
Remark 2. By Assumption 1, there exists a constant M > 0 such that
I V2f(x) IS M vx € RN. (18)
Now, it is well known that if the Hessian matrix is bounded by M , then the gradient is Lipschitz
continuous with Lipschitz constant M . Therefore, we have
lgx)—gISMIlx—ylVx,y €N,
which implies that there exists a constant y > 0 such that
1 g() ISy vx € R, (19)
Lemma 3. Suppose that Assumption 1 holds and d, is generated by Algorithm 2. Then the step
size t; generated by Algorithm 1 satisfies

ggdk
Il di 112

a
t, > min {E' —C

2 (20)

2a(1-p)
—

where C =

Proof. If t;, > % , (20) is obvious. Therefore, consider the case of t;, < % From Step 2 and Step 3 of

Algorithm 1, we have

t 5%
f (xitEdy) > fi + o~ gid 1)
Using Taylor expansion, we get
5% te 1 Lte\* roo
f (vt di) = fic + ~ghd +5(2) diviFEdi, (22)

where &, € (X, X + %‘dk) . From Assumption 1, (18), (21) and (22), we obtain
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te o 1 /tp\2 5
fut pE gt < fit L glde+5 (%) M de 12
Therefore, we have —(1 — p)gfd, <= ! tkM Il di 1I?, which implies that

ty > —C "ggkdﬁz (23)
Thus, we have (20).
From (17), gj # 0 implies that gl d, # 0 . Therefore (20) indicates that the steplength t, obtained
by the Armijo's backtracking line search is bounded away from zero.
Theorem 1. Suppose that Assumption 1 holds and the sequence {x;} is generated by Algorithm 2. Then,

it holds that

(o0}

(gkdi)?
z TAE < +oo. (24)

k=0

Proof. First, let's consider the case of ¢, < % . By (23), there is a constant C > 0 such that

Ik dy
ty > —C 25
* I d 17 2
Then, it follows from (7) and (25) that
(gkdy)?
fie = f(Xis1) = —ptiegidy = pC Td, 12’
which implies that
(gk dk)z
I dy I <— (fk f (k1)) (26)
T
Next, let's consider the case of ¢, > 2. Then, there are two cases: £>_¢ gkd'; and £ < —C ‘g"—d'; .In
2 2 lldgll 2 lldgll
the former case, (25) holds and we have (26). Now, let's consider the latter case. If ¢, > —C f;‘TIl; , 1t
T
holds (25) and then we have again (26). Therefore, let's consider the case of % <t,< -4 "d ”2 In this

case, —grd; > %tk Il d. I> and then, by (7), we have

2

pa
fie = f (Xk41) = —ptgidy > P? Il dy ||2> — Il dy I

(gk k)

By multiplying to both sides of the above inequality, we have

pa? (gidi)? _ (grdi)*
ac | dy 11 = I dy II* (fr — f(xps1))-

Since (17) implies that Ay Il g I<Il dy ||, from the above inequality we have

(grdi)® _ 4C 1l gi 171l d 117
<~ “Jrk " "R _
" dk ”2 - pa,z ” dk ”4 (fk f(xk+1))

4C 1l g I
T pa?lldg ?

4C
(fie = f (k1)) < m(fk — f (Xk+1))-
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Therefore, letting M, = min { ) 12} it follows from (26) and the above inequality that

(grd k)z
I dj 1I? < My (fie = f (Xk41))-

Since the sequence {f (xy)} is monotonically decreasing by (7) and bounded from below, it has a limit,

ie. lim o f(xx) = f* . Thus, we have

z R < b1, 3 o= FGeen)) = Malim e (F o) = F ) = Ma(F o) = £7) < 0
k=0

which proves (24).
Theorem 2. Suppose that Assumption 1 holds and let {x,} be generated by Algorithm 2. Then, there

exists A such that Ay < Aforall k, and {x;} is bounded and satisfies
lim inf || g lI= 0. 27

Proof. By Armijo condition (7), {x;} € L(x,) and then {x;} is bounded from Assumption 1. Suppose
that (27) does not hold. Then, there exists a constant 7 > 0 such that

Il g 1= n,Vk = 0. (28)
By (15), we have

B 5FR = max {0, min {wy B, wo B3} < wp BERY, (29)
which gives 1, <1 = VTQ + 6 together with (15).
2

Let's estimate an upper bound of I, defined in (13). By (15), (29), Cauchy- Schwartz inequality and

the assumption, we have

T
i i1
| L 1=1 A + |
k k ﬁk " gk ”2
gkdk 1
S| A | Hwp BERY | ==—— |
k P 1 9 I2
<ia w, Il gie 112 g Ml dyey I GO
- max{l gx—1 12,75 I gi Ml dp—1 13 1 gi II?
2 d
3 wy g 12 1 gie NI = IIS_+&_
T, Mg M de_y I 1 g T,
From (14), (30), (29) and (19), it follows that
I die I<I Le 1 gge I +woBERY I djey |l
wy Il g I
1+ + I dy_
<(2 Tz)y o r Mdeg 1" 0 (31)
(/1+ )y + 2 (/1+ ZWZ) y.
Thus, from (31), (17) and (28), it follows that
(gl dk)z (gkdk)z (Ao Il g I1)? Agn*
> _—_—> =

II dy 112 2_

4 2w2 - ((,H ZWZ)y>2 ((,T+ ZT—VZZ) y)z
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which contradicts (24).

4. NUMERICAL EXPERIMENTS

This section shows preliminary numerical experiment results to analyze the feasibility and
effectiveness of Algorithm 2. The CG algorithms NACG [6], CGADP1, CGADP2, CGADP+ [3], EPF
[5], MLSCD [2], HYBRID [7], JHIJ-N [8] and our algorithm AWHCG were coded in Matlab
programming language. The algorithms are tested on 19 nonlinear unconstrained optimization problems
[1,25,26,27,29,30] with different dimensions (see Table 1 and Table 2). All tests are performed on a CPU
1.33GHz and RAM 1.86 GB personal computer using Matlab R2013a.8.1.0.604. The algorithms
CGADPs, HYBRID, NACG and EPF implemented the Wolfe line search and the strong Wolfe line search
by the algorithm presented in Sect.2.6 of [11] with p = 0.01 and o = 0.1, respectively. In numerical
experiments of HIH-N, p = 0.0001 and ¢ = 0.9 were taken for the Wolfe line search. The algorithms
MLSCD and AWHCG implemented the Algorithm 1 (Armijo's line search) with p = 0.008 and a =

0.5. The stopping criteria we use for all tested algorithms are || g, II< 1075 or % <1072 In
k

AWHCG, the weight of 55! and BER! parameters is chosen as w; = 4 and w, = 1, respectively,

and 8 = 1,7, = 0.01 and 7, = 0.02 are chosen.

Table 1. Test problems and its optimal values

No Objective function Optimal
value
1 n 2 2 nt 2 2 0
E{lOsm (mx) + (x, — 1)* + Z [ (x; —1)?(1 + 10sin (anl))]}
i=1
n
2 —20exp (—0.24/Il x I?/n — exp (Z cos (2w x;/n)) + 20 +e 0
i=1
3 "o, n 0
x{ +10n—10 cos (2m x;)
i=1 i=1
n
4 20 + e — 20exp (—0.2¢/1l x I2/n) — exp (Z cos (1 x;/n)) 0
i=1
5 " 232 2 0
_ 1[100(xi+1 —x)"+ (1 —x;)7]
i=
6 100(x2 - xl)z + (1 - x1)2 0
7 n—-1 ) 0
Z_ , (B —2x)x; — X1 — 2x;41 + 1]
i=
8 100(x? — x3)% + (1 — D% + (x5 — 1% + 90(x5 — x4)% + 10.1((x, — 1)? 0
+(xs — 1D +198(x, — D(xs— 1)
9 4x? — 2.1xt +xP /3 — x1x, — 4x7 + 4x5 -1.0316
10 | (14 (xq + x, + 1)?(19 — 14x; + 3x? — 14x, + 6x,x, + 3x3))/(30 + (2x, 3
—3x,)2(18 — 32x; + 12x% + 48x, — 36x,x, + 27x3))
11 n/4 0
Z, 1[(x4i—1 +1024;-2)% + 5(xai-2 — %40)? + (Xaimz — 2X4-1)° + 10(2x4_3
i=
— x41)°]
12 . 0
100[ (x5 — 106)2 + ( ’xlz + x2 — 1)%] + x5, if x; > €,0
= arctan (x,/x;)/(2m); ifx; < —¢,0
= 0.5 + arctan (x; /x,)/(2m); if | x; I<€,0 = €, where €
=105,
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13 Zn 1[n +i(1 — cos x;) — sin x; —Zn 1cos x;]? 0
i= j=
14 (Zs i (cos [(i + 1)x; + i])) (ZS i (cos [(i + 1)x, + i])) 1867309
s » i=1 i=1 0
i=1{[_13 +xi-1 + (5 — x2)%2 — Dxg]® + [=29 + x4 + (%2
y e TR 10T . )
zi=1 [(1 = x101-9)* + (1 — x101)* + Zj:loi—9(sz — %541)°%]
17 n/2 0
zizl[(l-S — %211 (1 = 2x2))? + (225 = 231 (1 = 22)) + (1 — x2) (1
— x20)°] ~
18 Z" 1(ixi)2 -(n—-1)
i=1
19 Zr_l_llcos (x? = 0.5x;,,),n = 1000,2000, .. ~(n-1
i=
Table 2. Names, dimensions and initial points of test problems
No Name dimensions X
1 n-Dimensions Sine-Square 11 [28,30] | 100, 1000, 2000, 3000 2.5(1,..,DT
2 Ackley [27,30] 1000, 2000, 3000, 4000 0.5(1,..,1DT
3 Rastrigin [27,28,30] 1000, 3000, 5000 1,..,D7
4 Shekel [27] 1000, 2000, 3000 ,..,nT
5 Extended Rosenbrock [1,28,29, 30] 100, 500, 1000, 2000 (-1.2,1,..,-1.2,D7
6 Cube [1] 2 (-1.2,-DT
7 Broyden Tridiagonal [26] 1000, 3000 —(1,..,. D7
8 Wood [1,28,30] 4 (-3,-1,-3,-1D7
9 Six-hump Camel Back [27,28,30] 2 (-1.2,-1T
10 Goldstein Price [27,28,30] 2 (-1,-2)T
11 Extended Powell-Singular [26] 1000, 3000 (3,-1,0,1,..,3,—-1,0,1)7
12 Hellical Valley [1,30] 3 (—=1,0,007
13 Trigonometric [1,26,27] 2000, 3000, 5000 1,..,.)7/5n
14 Shubert [30] 2 (—-1.5,-DT
15 Extended Freudenstein-Roth [29] 500, 1000 (20,-1,...,20,-1)T
16 Extended Dixson [26] 1000, 3000 -2(1, ... ,1)T
17 Extended Beale [26] 1000, 2000, 3000 1,.., D7
18 Power [25] 100, 500, 1000 ,..,nT
19 Cosine [25] 1000, 2000, 3000, 4000 1,.., D7

In the tables below, “iter” is the number of iterations needed during the algorithms’ work, “time” is
the CPU time, x0 is the initial point, and “-” means that the algorithm did not stop within CPU time of
1000 seconds. In order to show the effectiveness of our algorithm AWHCG, some numerical results for

the examples 1 and 3 are given in Table 3, Table 4 and Table 5.
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Table 3. Numerical results for Example 1
xo=2.5(1,...,1)T, n =100
Method fr iter time(s)
AWHCG, 44 =0.3 8.5745e-11 47 0.2309
Ao =0.5 1.3580e-10 33 0.1862
Ao =0.6 1.0225¢-10 47 0.2336
Ao = 0.7 1.0922e-10 41 0.2174
Ao =10.8 2.4498e-10 38 0.1935
Ao =1.0 3.3073e-12 48 0.2363
=11 1.1132e-11 52 0.2530
Ao =21 6.2398e-10 49 0.2412
Ao =25 9.5857e-11 40 0.1957
Ao =3.5 2.2343e-10 48 0.2384
MLSCD 6.0694e-11 48 0.2634
CGADP+ 4.5292¢-14 49 0.9002
CGADP1 4.4597e-10 37 0.7615
CGADP2 5.1050 313 30.7382
EPF 8.5261e-15 15 0.3498
NACG 1.3703e-10 20 0.3703
HYBRID 1.2105e-10 58 1.0935
JHIJ-N 0.0311 31 0.6946
Table 4. Numerical results for Example 1
xo=2.5(1,...,)T, n = 2000
Method fx iter time(s)
AWHCG, 1, =23 3.1094 16 10.5489
Ao =7 3.1094 8 5.3692
Ao =13 0.0016 171 102.5382
Ao =14 1.2314e-08 144 89.0191
Ao =15 8.4729e-09 137 80.1580
Ao =16 1.0671e-08 149 90.1271
Ao =17 7.4723e-09 162 97.4797
Ao =18 8.3895e-09 156 95.1742
Ao =19 0.0016 171 102.1295
Ao =20 0.0078 733 494.5868
MLSCD 3.1094 39 25.0244
CGADP+ 0.0140 115 345.0503
CGADP1 0.0140 70 206.2090
CGADP2 - - -
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EPF 0.0154 48 142.0608
NACG 12.5344 10 26.1220
HYBRID 12.5344 11 42.2331
JHJ-N 12.5344 24 72.9036

We can see from Table 3 and Table 4 that the methods CGADP+, CGADP1, EPF , NACG, JHI-N
and MLSCD have good performance for Example 1 in case of n = 100 and all methods except AWHCG
failed in case of n = 2000. From numerical experiments for the examples 1, 2,4, 5, 8, 9, 10, 15 and 18,
we can see that AWHCG can succeed in finding global optimum even though the other CG methods
failed to solve the problems. And Table 5 shows that AWHCG is about twice as fast as the other methods
except MLSCD for Example 3.

Table 5. Numerical results for Example 3

xo=2.5(1,...,1)", n = 5000

Method fx iter time(s)
AWHCG, 44 =2.1 0 3 9.2174
Ao =23 0 3 9.2315
Ao =2.5 0 2 7.9061
Ay =2.6 0 2 7.7688
Ao =27 0 2 7.1114
Ao =28 0 3 9.2472
Ao =29 0 3 9.1354
Ao =3.0 0 3 9.2246
Ao =32 7.2760e-12 2 7.4651
Ao =33 7.2760e-12 2 7.1033
Ao =34 7.2760e-12 2 7.2712
Ao =3.5 7.2760e-12 2 7.2357
Ao =3.6 7.2760e-12 2 7.2665
Ao =37 7.2760e-12 2 7.3952
MLSCD 0 3 9.2354
CGADP+ 0 2 19.2340
CGADP1 0 2 19.2378
CGADP2 0 2 19.2153
EPF 0 2 19.1442
NACG 1.2490e-06 3 19.5484
HYBRID 0 2 19.3730
JHI-N 0 2 19.5134

If a method failed to find the global optimum or did not terminate within CPU time of 1000 seconds
for a test, we regard the method as failed. In Table 6 and Table 7, total number of iterations and total CPU
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times for all tests are given, in which contents of “iter” and “time” for failed methods were replaced by
sufficiently large number. Number of iterations and CPU time of AWHCG for each example is mean of

iteration numbers and CPU times corresponding to different values of A, respectively.

Table 6. Total number of iterations for the examples 1-19

Example AWHCG MLSCD CGADP+ CGADPl CGADP2 EPF NACG HYBRID JHIN

1 716.2 1134 1127 1136 1168 1101 1101 1182 1196
2 147 752 1220 1220 1220 1220 1220 1220 1220
3 6.4 9 6 6 6 6 9 6 6

4 186 1148 2100 2100 2100 2100 2100 2100 2100
5 16072 23515 31000 31000 31000 31000 31000 31000 31000
6 82 71 200 45 74 1000 1000 38 113
7 113.16 95 64 50 50 433 61 53 57
8 164 120 1000 1000 1000 1000 252 183 603
9 55.67 150 150 150 150 150 150 150 150
10 32.0 88 200 200 200 200 200 200 200
11 153 147 44 40 46 11 300 135 262
12 58.5 86 2400 55 32 2400 67 50 57
13 12 12 93 24 96 120 16 13 22
14 10 10 20 20 12 10 20 16 12
15 1047 12000 12000 12000 12000 12000 12000 12000 12000
16 137 215 249 175 245 254 230 247 342
17 212 148 57 57 51 300 45 41 105
18 15850 19294 25000 25000 25000 25000 25000 25000 25000
19 112 260 46 39 43 33 44 73 49

Table 7. Total CPU times for the examples 1-19

Example AWHCG MLSCD CGADP+ CGADPlI CGADP2 EPF NACG HYBRID JHMN

1 536.63 91801 91832 91885 919.85 91809 91808 92147 92823
2 133.76 77007 &40 840 840 840 840 840 840
3 1152 1367 2658 2651 2649 2642 2703 2647 2604
4 10797 74252 1410 1410 1410 1410 1410 1410 1410
5 207730 3611 6257 6257 6257 6257 6257 6257 6257
6 00215 0.0121 2 0.0588 00652 6 2 0039 00658
7 114.57 9135 202.85 185.82 19257 169650 23749 19295 19436
8 00304 0.0201 56 56 56 56 - 0.127 030
9 0010 0.12 0.12 0.12 0.12 - 0.12 0.12 0.12
10 0.0082 00136 006 006 006 006 - 0.06 0.06
11 6004 5931 7401 462 8L19 1850 800 2719 5484
12 0.0164 00207 02 00418 00256 7314 00688 00406 00468
13 3441 31.65 107429 207.18 107496 1250 6807 6538 7374
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Based on Table 6 and Table 7, the performance profiles [24] for iteration numbers and CPU time

were constructed to compare the efficiency of algorithms used in the computational experiments (see

Figure 1).

Number of iterations

—B— AWHCG
--4--MLSCD
—O— CGADP+
--%-' CGADP1
—%— CGADP2
—#&— EPF
—<&— NACG
HYBRID

—P— JHJN

N

6 7

—B— AWHCG
--4-- MLSCD
—&— CGADP+
-=¥-- CGADP1
—%— CGADP2
—#— EPF
—4— NACG
HYBRID
—P>— JHJN

r

10

12

14

Figure 1. Performance proles for iteration numbers and CPU times of tested algorithms
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Let S be the set of n; solvers in comparison and P be the set of n,, test problems. For each problem p €
P and solver s €S, let f,¢ denote either number of iterations or CPU time required to solve

problem p € P by solver s € S. Then comparison of the solvers is based on the performance ratio

fos

s T min{f,, |s€S,p € P}

The overall assessment of the performance of the solvers is then obtained from a performance profile
function given by

1
ps(T) = n I{p11<p<n,In(s) <1}l
14

where 7 > 0.

It is obvious from the figure that AWHCG is competitive with MLSCD, CGADPs, EPF, HYBRID,
JHJ-N and NACG. This observation shows that the new adaptive hybrid CG method based on the
weighted hybridization of appropriate CG parameters (e.g. HS and FR) can achieve a better performance

than other hybrid CG methods.

5. CONCLUSION

We propose a new adaptive hybrid conjugate gradient (AWHCG) method for unconstrained
optimization problems, in which the search direction always satisfy the sufficient descent condition. This
method is based on replacing the CG direction dk of the form (12) by the new direction (14) with an
adaptive parameter and weighted hybrids of modified HS parameter and FR parameter. The adaptive
parameter is introduced to make the coefficient of the gradient gi to be negative like as the standard CG
method. Based on the backtracking line search conditions, we show that our method has global
convergence for general functions under mild assumptions. Criteria for comparing CG methods are the
number of iterative steps and spent CPU time. Numerical results illustrate that the proposed method with
proper choice of parameters Ao, 8, wi and w, can outperform the existing CG methods. We believe that
further research on how to adaptively choose the appropriate weights of CG parameters will be necessary

and worthwhile.
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